A fast diffusion equation is investigated with symmetry point of view. The set of exact non-Lie solutions constructed by M.L. Gandarias [Phys. Lett. A, 2001,V.286, 153-160] are supplemented with the similar ones. The non-classical symmetries of the corresponding potential equation are completely classified with respect to the Lie symmetry group of this equation. As a result, we obtain new wide classes of potential non-classical symmetries of the fast diffusion equation. It is shown that all known non-Lie solutions of the fast diffusion equation are exhausted by ones which can be constructed with the above potential non-classical symmetries.
Introduction
Investigation of nonlinear diffusion equations by means of symmetry methods was started in 1959 with the Ovsiannikov's work [10] where author fulfilled the group classification of the class of equations of the form
The physical importance of such classes of equations led to increasing of research activity in this field. So, V.A. Dorodnitsyn [7] performed group classification of the wider class of equations than (1), namely u t = (f (u)u x ) x +g(u). Q-conditional (nonclasical) symmetries of equations from class (1) were investigated in [4] . Review of results on symmetries, exact solutions and conservation laws of such equations is given e.g. in [9] . In this paper we study an equation from the above classes which is called a fast diffusion equation
The fact that (2) is written in a conserved form allows us, following Bluman et al [5, 6] , to consider the corresponding potential system
It follows from (3) that the potential v satisfies the nonlinear filtration equation [1, 2, 9] 
with special value 1/v x of the filtration coefficient. In 1987 I.Sh. Akhatov, R.K. Gazizov and N.Kh. Ibragimov [1] carried out the group classification of the nonlinear filtration equations of the form
We will call equation (4) also as the potential fast diffusion equation. Lie symmetries of (2) are well-known (see Section 2). All exact solutions constructed by Lie symmetries in closed form are listed e.g. in [11] . Using special classes of both usual and potential nonclassical symmetries, M.L. Gandarias [8] found new interesting classes of exact solutions of (2) . We supplement these classes with the similar ones and adduce all the above exact solutions in Section 3. In spite of the techniques applied in [8] , we use the single equation for the potential, instead of the potential system corresponding to equation (2) , to produce potential nonclassical symmetries of equation (2) . Namely, for the potential equation we classify all the reduction operators having non-vanishing coefficient of ∂ t (Section 4) with respect to its Lie symmetry group. As a result, wide classes of potential reduction operators of equation (2) are constructed.
Lie and potential symmetries
The Lie invariance algebra of (2) is A 1 = ∂ t , ∂ x , t∂ t +u∂ u , x∂ x −2u∂ u [10] . The complete Lie invariance group G 1 of (2) is generated by both continuous one-parameter transformation groups with infinitesimal operators from A 1 and two usual involution transformations of changing sign in the sets {t, u} and {x}. Action of any element from G 1 on the solutions is given by the formula [10] 
where ε 1 , . . . , ε 4 are arbitrary constants, ε 3 ε 4 = 0.
The point symmetry properties of (2) are usual for diffusion equations. Uncommonness of equation (2) with the symmetry point of view becomes apparent after introducing the potential v and considering potential system (3) or potential equation (4) . Point and nonclassical symmetries (3) or (4) are called potential and potential nonclassical symmetries of (2) correspondingly.
Lie and quasi-local symmetries in a class of nonlinear filtration equations were investigated in [1, 2, 9] . The Lie invariance algebra (4) and the corresponding connected Lie symmetry group are quite ordinary for nonlinear filtration equations. However, equation (4) is distinguished for its discrete symmetries since it possesses, besides two usual involutions of changing sign in the sets {t, v} and {x, v}, the hodograph transformationt = t,x = v,ṽ = x. The similar results is true for system (3). Namely, equation (2) is invariant with respect to the following transformatioñ
which is additional to the usual Lie symmetry group G 1 of equation (2).
Lemma 1. The set of Lie invariant solutions of equation (2) is closed under transformation (6).
Proof. Transformation (6) generates an adjoint action H on the Lie symmetry algebra
of the corresponding potential system (3), which is determined in the following way:
Elements of the Lie symmetry algebra (2) is prolonged with respect to v ambiguously up to a term proportional to ∂ v . Therefore, transformation (6) correctly generates also an adjoint action H ′ on the classes of elements from A 1 , which differ each from other with terms proportional to ∂ v .
In view of the above-mentioned, up to translations with respect to v (or x) any invariant solution of (2) gives an invariant solution of the potential system, which is transformed by (6) to an invariant solution of the same system, and the latter solution can be projected to an invariant solution of (2).
Exact solutions of fast diffusion and nonlinear filtration equations
All invariant solutions constructed in closed forms earlier with the classical Lie method were collected e.g. in [11] . A complete list of G 1 -inequivalent solutions of such type are exhausted by the following ones:
2) u = e x , v = e x + t;
Here ε and µ are arbitrary constants, ε ∈ {−1, 0, 1} mod G 1 . The below arrows denote the possible transformations of solutions (7) to each other by means of (6) up to translations with respect to x: 1) ε=0 ; 1) ε=1 ←→ 1) ε=−1, x+t<0 ; 1) ε=−1, x+t>0 ; 2) ←→ 3) µ=0, x>t ; 4) ε=0 ; 5) ←→ 4) ε=4 ; 6) ←→ 4) ε=−4, |x|<2|t| ; 7) ←→ 4) ε=−4, |x|>2|t| .
The sixth connection was known earlier [4, 16] . If µ = 0 solution 3) from list (7) is mapped by (6) to the solution
which is invariant with respect to the algebra t∂ t + ∂ x + u∂ u . Here ϑ is the function determined implicitly by the formula (ϑ − 1 + µe −ϑ ) −1 dϑ = ω. To find exact solutions of equation (2), other methods can be used also. Thus, M.L. Gandarias [8] found new exact non-Lie solutions with the nonclassical symmetry method. These solutions and the ones similar to them can be represented uniformly over the complex field as compositions of two simple waves which move with the same "velocities" in opposite directions:
where α, β, γ and δ are complex constants, αβ = 0. It can be proved that function (8) takes real values (for real x and t) iff up to transformations from G 1
Using representation (8) and above values of tuples (α, β, γ, δ) we obtain the following solutions of the fast diffusion equation (2) and nonlinear filtration equation (4):
2) u = coth(x − t) − coth(x + t) = 2 sinh 2t cosh 2x − cosh 2t
, v = ln sinh(x − t) sinh(x + t) ;
, v = 2 arctan(cot t tanh x);
, v = 2 arctan(coth t tan x).
(All two's in the latter expressions for u can be moved over with scale transformations from G 1 .) Note 1. The solutions 1), 3) and 4) were obtained in [8] , at least, in one from the above forms, but equivalence of these forms is not shown there. One of techniques of finding these solutions was reduction by the operators ∂ x + (u 2 − 2 cot(x − t)u)∂ u , ∂ x + (u 2 − 2 coth(x − t)u)∂ u and ∂ x + (u 2 − 2 tanh(x − t)u)∂ u correspondingly. We have supplemented the list of solutions obtained in [8] with the similar ones, namely, with 2), 5) and 6). The solution 2) can be constructed by reduction with the second above operator. The real solutions 5) and 6) correspond to the similar operators
with complex-valued coefficients.
Transformation (6) acts on the set of solutions 1)-6) in the following way:
1) cos 2t<cos 2x ←→ 5)| t→t+π/2, x→x/2, v→2v ; 1) cos 2t>cos 2x ←→ 5)| x→x/2, v→2v−π ; 2) |x|<|t| ←→ 4)| x→x/2, v→2v ; 2) |x|>|t| | x→x/2, v→2v ;
3) x<t | x→x/2, v→2v ; 3) x>t ←→ 3) x>t | x→−x/2, v→−2v ; 6)| x→x/2, v→2v .
The latter actions can be interpreted in terms of actions of transformation (6) on the nonclassical symmetry operators which correspond to solutions 1)-6).
Reduction operators of nonlinear filtration equation
For equation (4) reduction operators have the general form Q = τ ∂ t + ξ∂ x + θ∂ v , where τ , ξ and θ are functions of t, x and v. Since (4) is an evolution equation, there are two principal different cases of finding Q: τ = 0 and τ = 0.
In the case τ = 0 we can assume τ = 1 up to usual equivalence of reduction operators [17] . Then the determining equations for coefficients ξ and θ have the form
Theorem 1. Up to equivalence with respect to the complete invariance group G 2 of equation (4), there exist the following classes of non-Lie reduction operators of the potential fast diffusion equation, namely, 1. ∂ t + ε∂ x + f (ω)∂ v (ω = x + εt), 2. ∂ t + f (ω)(∂ x + ∂ v ) (ω = x + v), 3. ∂ t + ξ∂ x + (φ t + φ x ξ)∂ v 3.1. ξ = −2 v + φ , φ ∈ {t ± e x , tf (x)}, 3.2. ξ = −2 cot(v + φ) where φ = − arctan χ, χ ∈ {2t/x, tan 2t coth x, tan 2t tanh x, tanh 2t cot x, coth 2t cot x}, 
Here ε ∈ {0, 1}, f is a non-constant solution of the ordinary differential equation f ωω = f f ω , i.e. f ∈ {−2/ω, 2 tan ω, −2 tanh ω, −2 coth ω} mod G 2 .
All operators from Theorem 1 are potential nonclassical symmetries of equation (2) .
